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The effects of disorder in the geometry and refractive index on the transmittance of two-dimensional
photonic crystals composed of dielectric circular cylinders are considered, including randomness of radii,
positions of the cylinder centers, and thickness of each layer of the photonic crystal. The effects of combina-
tions of different types of strong disorder are also considered. The localization and homogenization properties
of disordered photonic crystals are investigated. Analytical expressions for the two-dimensional localization
length in the form of integrals are presented for both polarizations. It is shown numerically that the slope of the
exponential divergence of the localization length in two dimensions is proportional to the inverse of the square
of randomness for strong disorder and proportional to the inverse of the randomness for weak disorder. The
effective dielectric constants for both polarizations in the case of strong disorder are also found. The transition
from localization to homogenization is discussed and the terms responsible for this transition are identified and
investigated.

PACS numbgs): 41.20.Jb, 42.70.Qs, 71.15m

[. INTRODUCTION effects of the different types of disorder on the transmittance
properties of two-dimensional photonic crystals made from
First introduced by Yablonovitchl] and John[2] in  layers of circular cylinders and investigate numerically and
1987, photonic crystals are now a substantial area of researtheoretically the Anderson localization of electromagnetic
[3-5]. Photonic crystals are materials that prohibit the propawaves in such structures. This work can be viewed as a gen-
gation of light in certain directions for some frequencies.eralization of our earlier pap¢t2]. In Sec. Il we outline the
Applications of photonic crystals include fabrication of mi- general physical situation and give the background of the
croscopic laser$6], photonic crystal-based resonant anten-problem. In Sec. Il A we briefly review the effects of refrac-
nas[ 7], optical fibers with photonic crystal corg8], and the tive index disorder on the transmittance as reported earlier
marriage of a photonic crystal with a liquid crystal to con-[12], to be able to compare it to the other types of disorder
struct an optical switch that operates by controlling the re<onsidered later in Sec. Ill. In Sec. Ill B we consider radius
fractive index of the inclusion§9]. One of the aspects of disorder of cylinders, while positional disorder, in which the
designing new photonic devices such as those mentionegkenters of the cylinders of each layer of the photonic crystal
above is the question of their tolerar{d®] to imperfections. are randomly distributed, is considered in Sec. Il C. In this
This problem is closely related to the question of the effectsection we consider also “sliding” disorder, in which the
of disorder on the transmittance properties of photonic crystayers of the photonic crystal are slid randomly relative to
tals. In spite of the importance of this problem, there are onlyeach other in the transverse directi@Gre., parallel to the
a few papers that consider it. Sigakisal. [11] investigated layers themselvgsSection Il D deals with thickness disor-
the effects of disorder on two-dimensional photonic crystalgler, in which the thicknesses of the layers are random. In
composed of circular cylinders. However, due to computeiSec. lll E, the effects of a combination of disorders are con-
time constraints, the resolution of their results was low. Residered, and the key parameters that have the most effect on
cently, Asatryaret al. [12] investigated the effects of disor- the transmittance are determined. The localization of electro-
der on the transmittance of two-dimensional photonic crysimagnetic waves and the transition from localization to ho-
tals composed of circular cylinders, using a highly efficientmogenization for both polarizations are studied in Sec. IV.
and accurate methdd 3—15, and considered the effects of An analytical expression of the localization length’s depen-
disorder due to randomness of the refractive indices of thelence on the wavelength in the form of a quadrature is also
cylinders. It was found that the transmittance properties ofjiven for each polarization.
disordered photonic crystals are reminiscent of the optical
absorption spectra of amorphous semiconductors. These Il. BACKGROUND
studies are also important from the point of view of Ander-
son localizatior{ 16] of photons, as it was suggested by John We consider a photonic crystgl2—15, comprising a fi-
[17] that the construction of a photonic crystal analogous toite stack ofN, gratings, each of which comprises a set of
an amorphous semiconductor would be a way to achievparallel, periodically repeating cylinde¢sig. 1). The thick-
localization of light. nessh, of each grating can be arbitrary, but the peridds
Refractive index disorder is not unique and other paramthe same for all layers. Each period of grating has a sBl.of
eters such as the radii or positions of the cylinders can alsnonoverlapping circular cylinders. The refractive indicgs
be disordered. The aim of this paper is to determine theadii a,, and positions, of the centers of the cylinders can
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average of the logarithm of the transmittanda T) com-
pared to InT for an ordered photonic crystal. We choose the
quantity(In T) as an indicator of the effects of disorder be-
cause it determines the localization len¢gke Sec. IV A it
is a self averaging quantityl8], and it is sensitive to the
disorder over a large range of wavelengths.

The random parameteris set as

E=E+ 6¢, 1)

whereé is the regular part of, and 5¢ is a random variable
uniformly distributed in the range—Q,,Q,]. Here § can
represent the refractive index, radiusa,, positionc, of the
center of the cylinders, the layer thickndss, or the trans-
verse sliding distancs, . By changing the value o, we
can investigate the effects of different degrees of disorder on
(InT) as a function of wavelength. By strong disorder we
mean disorder in which the variation of the random param-
eter is comparable to its mean.

In the numerical calculations throughout this paper, we
choose the period of the grating to e=10d, with N,

FIG. 1. The geometry of the problem. A plane wave of wave
vectork is incident at an angl@; on a stack of gratings composed

of N, circular cylinders per unit celindicated by the heavy dashes . - . :
of radii a; and centers;;. The period of the grating i® and the 10 cylinders per unit cell, wheré is the mean separation

separation of the layers @ which is also the mean cylinder sepa- between cylinders. In the absenCS of dliordég:éO), the
ration. Reflected and transmitted waves are labeled R and T, respe%yl'nders are equally spaced fj=D/10= d, and form a
tively. square latticdr =d,=d. The average refractive index of the
cylinders isn=3.0, while the average radius of the cylinders
be arbitrary within the unit cell of the grating. In this paper, preserves the filling fractiorf = 7a?/d?>=0.2827, so that
however, for reasons of computational simplicity and speedyhenQ,=0, a=0.3d. There areN, =20 layers in the stack
we confine ourselves to the case in which the centedf  and the averaging ofin T) was carried out over enough re-
the cylinders are located on the mid-plane of each layer, sgjizations of the stack to make the standard error in the mean
as to have up or down symmetry within the gratify more  of the |ogarithm of the transmittance less then 5% with a
details se¢13-15). S _ maximum of 100 realizations in all cases. The parameters of
A plane wave of wavelength is incident in free space at the calculations were chosen to have the fractional relative

an angled; on this structuresee Fig. 1. Here we confine  accuracy of the transmittandeof each individual realization
ourselves to the case of in-plane incidence in which the wavgs the stack better than 106.

vectork lies in thexy plane(Fig. 1). In this case, the polar-
izations of the field decouple and the problem can be speci-
fied by a single component: V=E, when the electric vec-
tor is along the cylinder axes ant=H, when the magnetic Photonic crystals have band structures analogous to those
vector is along these axes of the cylinders. of semiconductors, with bands of propagating states, sepa-
The method developed {13—-15 provides a highly effi- rated by band gaps. In the photonic case, the bands and gaps
cient way to calculate the transmittaritand the reflectance correspond to high and low transmittance, respectively. In
R of the structure described above, whether in single reband gaps, the density of states, which is the number of
flected and transmitted orders at longer wavelengths, or ipropagating modes per unit frequency, vanishes in the limit
multiple orders at shorter wavelengths. The solution is foundf an infinite medium. 1H12] we reported the effects on the
in two steps. First we calculate the reflecti®rand transmis-  transmittance for refractive index disorder only. The param-
sion T matrices for each grating, then the transmittance ofters in this previous work were the same as they are here,
the entire stack is found using an inductive treatn]@®—  except thatN.=5. We considered the effects of different
15]. The method allows us to consider cases in which thestrengths of refractive index disord€, on the band struc-
cylinders are close to touching, though interpenetration ofure and observed that disorder introduces states into gaps.

A. Refractive index disorder

layers is not allowed. This is similar to impurity states in doped semiconductors in
the gap between the valence and conduction bandsEFor
Ill. EEFECTS OF DISORDER ON THE TRANSMITTANCE polarization we found that even a small degree of disorder

narrows the first gap significantly from the long wavelength
In this section we consider the effects of different types ofside.
disorder on the transmittance properties of a photonic crystal To determine the dependence Np we did calculations
for normal plane wave incidencé;=0. Before disordering for N.=5, N.=10, andN.=20 atQ,=0.2. We found that
all parameters at once in Sec. lll E, we first consider thehe gap narrows slightly from the long wavelength side but
effects of the different types separately. The effects of theapidly approaches a limiting form. It was also seen that
disorder are investigated via the changes they produce in thgn T) develops tail-like behavior at the long wavelength
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FIG. 2. Plot of(In T) versus wavelength fdE, polarization for FIG. 3. Same as in Fig. 2, but fot, polarization.
Q=0 (solid), Q,=0.01d (dasheg, andQ,=0.0& (dotted. Other
parameters are given in the text. N, =20, is atA=~2.7d—3d, while the second gap is at

~1.4d—2.2d. The second gap has two parts separated by a

edges of the gapilL2]. From our calculations we conclude Narrow band ath~1.6. The disorderQ,=0.01d has a
thatN.=5 cylinders per unit cell is sufficient to describe the strong effect on the second gap, and very little effect on the

effects of disorder, at least semiquantitatively; nonethelesdirst weak gap. This behavior ¢fn T) is similar to refractive
throughout this papeX,= 10. index disorder{12]. Disorder withQ,=0.0&l (dotted ling

has a very strong effect on the band structure: the band gaps

B. Radius disorder fill in and their locations become indistinct.

In this section we consider the effects of radius disorder
on transmittancéln T) as a function of wavelength. In Fig. 2 . N )
we plot(InT) as a function of wavelength for disorder, with ~ Here we consider the effects of positional disorder, re-
Q,=0, 0.0, and 0.08 for E, polarization. The solid line Stricting attention to gratings in which the centers of the
corresponds t@,=0, when we have no randomness. Theclinders all have a common valye=y, . The position of
band structure has two gaps for wavelengths greater thae center of a given cylinde; is randomly distributed ac-
1.5d. The first gap(counting from the rightis at wave- cording to Eq.(1) along the liney=y, , subject to the cyl-
lengthsh ~3d—5d and the second is at~1.9d—2.1d. As inders not overlapping one another. In Fig. 4 we present
is seen in Fig. 2, randomness wif,=0.01d (dashed ling (I.n T) as a function pf yvavelength for different amounts of
affects(In T) compared with the regular structuiolid lingy ~ disorderQ.. The solid line corresponds Q.= 0, while the
noticeably more in the first gap than the second. The disordefashed line corresponds @.=0.05d. As we see, disorder
induces resonances at wavelengths betweed<3\8<4.5d ~ With Q.=0.05d has little effect on the second gap, but in-
in the first gap, while the second gap is almost unaffected. duces “resonances” in the long wavelength part of the first

As we increase the disorder @,=0.0& (dotted ling, ~ 9ap. This is similar to radius disorder wi,=0.01d (Fig.
the second gap is substantially affected. The quaglityy ~ 2)- As we increase the disorder @,=0.15d (dotted line in
is increased in the gaps comparedg=0.01d, while in the ~ Fig. 4) the resonances increase their amplitude, but in con-
regions between the gaps at wavelengthsi2.1<2.95d, trast to the rad!us _dlsorder case, the gaps become slightly
1.5d<\<1.85d, and 4. d<\<5.5d, (InT) is decreased. deeper. In studies in course, we have seen that these reso-
For disordersQ,>0.04d, (InT) develops tail-like behavior Nancesin the gap can be viewed as being associated with the

reminiscent of Urbach tailf19]. This behavior ofInT) is

C. Positional disorder

similar to refractive index disorddrl2], though the reso- Omy FFry rrrrrriues
nances induced in the first gap for refractive index disorder
are less pronounced. -9r ]
We also studied the same dependencies as in Fig. 2, but A
for N.=5 cylinders per unit cell. We then observe that the = _18¢t i
resonances induced in the first gap are more pronounced. As iV,
we decrease the number of layeds in the stack toN,
=10 for N.=5 or N.=10, we observe that the number of =277 i
the resonances decreases. Thus we conclude that this reso-
nance behavior is a whole-stack effect, which involves re- =36 Ll b b
flections off front and back interfaces. As the number of 15 2.5 35 45 55
layersN, —«, the gaps deepen and the resonances are less %/d
prominent.
Figure 3 is similar to Fig. 2, but for, polarization. The FIG. 4. Plot of(In T) versus wavelength fdE, polarization for

solid curve corresponds to an ordered photonic crystal witly_ =0 (solid), Q.= 0.05d (dashed, Q.=0.15 (dotted. There are
Q,=0. The structure develops two gaps for wavelengths\,=10 cylinders per unit cell and, = 20 layers in the stack. Other
greater than 1.3h The first gap, which is very weak for parameters are given in the text.



5714 A. A. ASATRYAN et al. PRE 62

O TSLATT T T O a T |rl'x ‘ LS o )Zkl
i Ik s
f25 R _9 L i
AN A
< -50 1 ' —181 1 ]
v v 3
—-75 T 27t l\;f i
1 ¥
_1 OO o o L Lo _36 Lo b b by

1.4 1.9 24 29 34 15 25 35 45 55

FIG. 5. Same as in Fig. 4, but fét, polarization. FIG. 6. Plot of(In T) versus wavelength fdE, polarization for
Q4=0 (solid), Q4=0.1d (dashey, Q4=0.14d (dotted. There are
photonic bands in square arrays of periad, 3d, etc. The N, =10 layers in the stack. Other parameters are given in the text.
quantity (In T) decreases in the regions of the pass bands as
well. The randomnes®=0.15 has little effect on the sec- The oscillations ofInT) in the vicinity of the edges of the
ond gap, in contrast to radius disordeee Sec. Il B. gaps are smeared out by disorder. As we increase the disor-

Figure 5 is similar to Fig. 4, but for, polarization. The  der toQ4=0.15 (dotted ling, both gaps become wider and
overall behavior is now similar to the corresponding radiusdiminish slightly in depth. The number of oscillations near
disorder case, though the randomness has little effect on the edges of the gaps are determined by the number of the
first weak gap ak~2.7d—3d. The sharp transmission peak |ayers in the stackN, , and as we increase the thickness
at \=1.62 has vanished due to the disorder. Thusthe disorder we destroy the coherence between the multiply re-
polarization case is much more sensitive to positional disorflected waves in the stack, thereby leading to this “smooth-
der thanE, polarization. Even small disordering of the cen- ing” effect.
ters of the cylinders@.=0.05d) greatly reduces the depth  Figure 7 is similar to Fig. 6, but fol, polarization. The
of the second gap. A possible explanation is that Hr  solid line corresponds to the ordered photonic cryal
polarization the fields tend to concentrate in the backgroung-=0. For Q4=0.1d, the edges of the gap again become
medium[4], and it is thus sensitive to the randomization of smooth. The gap becomes slightly wider and some of the
positions. Note that there is not a full gap for this polariza-oscillations in the gap are smeared out. The very narrow
tion and therefore it is “easier” for the incident wave to transmission band at~1.62 vanishes due to the disorder.
couple to the modes of a disordered photonic crystal. It hags we increase the disorder @,=0.15d, the gap becomes
been known since the work of Wo¢@0] that the properties  slightly wider and deeper. The randomness has little effect
of diffraction gratings are much more sensitive to profile on the first weak gap at~2.7d—3d. The effects of thick-

variations forH, polarization than foiE, polarization. ness disorder okinT) are greater folE, polarization than
We also consider the effects of sliding disorder(&mT), for H, polarization.

with each layer being displaced randomly by an amayrit
the transverse direction. The reason for considering this type g Effects of a combination of different types of strong
of disorder is that the scattering matrices are all identical
apart from the phase factor ex ), considerably reducing . ) )
the computation time. As we introduce sliding disorder, the Here we examine the combined effects of the different
gaps slowly deepen and a narrow gaplike feature develops (taxpes of strong disorder. As we have seenin Sep. I!I there are
N~1.7d for E, polarization. ForH, polarization we found fIve parameters that can be disordered: refractive indices
that the sliding disorder smears out the oscillation¢loffy ~ "adii &, positionsc,, thicknessed , and sliding param-

at \~1.9d— 2.1d near the bottom of the second gégs in eterss, . The aim here is to find the combinations of disorder
Fig. 3) and slightly deepens the gap. The narrow high trans-
mittance band ak =1.62A is slightly smeared out as well,
while disorder has little effect on the first “weak” gap. We
thus conclude that sliding disorder has stronger effectd pn =25

disorder

OI\\III;,’\[III‘%’[-"V1\I

polarization than ork, polarization. A |

= t |

c =501 ]

D. Thickness disorder \% \i_
Here we consider the effects of thickness disorder. The —/57 \ i

thickness of each layer of the stack is random, with the av- — Vi
erage thicknesh, =1. In Fig. 6 we plokIn T) as a function — 100 b
of wavelength forE, polarization and for different values of 1.4 1.9 2.4 2.9 34
Qg - The solid line corresponds ©@4=0 and the dashed line >\/d

to Qy=0.1d. From Fig. 6 we see that thickness disorder
smooths the edges of both gaps while their depths decrease. FIG. 7. Same as in Fig. 6, but fét, polarization.
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FIG. 8. Combination of strong disorder fdE, polarization. FIG. 9. Same as in Fig. 8, but fét, polarization.

Dashed triple dotted line represents the case of no disorder, the

solid line corresponds to all parameters disordered at once, the Ior]@_ LOCALIZATION OF WAVES IN RANDOM PHOTONIC

dashed line represents refractive index, radius, thickness, and slid- CRYSTALS

ing disorder, while the short dashed line is for refractive index and

radius disorder only. The dotted line represents the refractive index Here we consider the localization of electromagnetic
and thickness disorder. There &tg=10 cylinders per unit celland waves in disordered photonic crystals and we also investi-
N_ =20 layers in the stack. gate the homogenization properties of strongly disordered
photonic crystals. When an electromagnetic wave propagates
in a random medium, scattering can change the character of
wave transport from propagation to localizati@1]. One of

the key parameters that characterizes localization phenomena
s the localization lengtth*

that have the most effect din T). We first consider all types
of disorder simultaneously, then we “switch them off” one .
by one, then pair by pair, and so on, to determine the mos

influential combinations of disorder. We are constrained in |* 2N,

the amount of disorder when we disorder radii, positions, and i lim W 2)
thicknesses simultaneously because we must avoid the cyl- NL—

inders overlapping. HereT is the transmittance of the stadk, is the number of

. From our calcullatiorlls we conclude that refractive index|ayers in the stack, anld, =d is the thickness of each layer.
disordern, and radius disordex;, have the most influence on The |ocalization length* characterizes the decay length of
(InT) for our parameters by considering the strong disorderwayes in the disordered medium. In numerical calculations, a
In Fig. 8 we present the dependence(lifT) versus wave- |ocalization scaling length is usually calculated using a fi-
length forE, polarization, for a combination of strong disor- nite value forN, . It is shown in[23] that at long wave-
ders in which the refractive indices, radii a) and positions lengthsl incorporates Anderson localization and attenuation
¢, of the cylinders and the thicknesses of the laygrsare  due to Fabry-Perot reflections from the first and the last in-
random. The layers are also randomly slid in the transversterfaces of the stack. As the number of layers incredses,
direction. The degrees of disorder of the refractive indicestends tol* [12].
radii, centers of cylinders, thicknesses, and sliding param- Long wavelength waves cannot resolve the structure of
eterss, of layers are given byQ,=1.5, Q,=0.1d, Q. th_e photoniq crystal anq one can replace the p_hot_onic crystal
=0.07,Q,=0.0d, Qs=0.5d, respectively. As can be seen, with an eq_uwalent medium of_constant refract_|ye indb®-
the overall effectsolid line in Fig. 8 of the combined dis- mogenization In [12] we considered the transition from lo-

orders is achieved in the presence of just the refractive inde%2lization to homogenization when the average refractive in-
dex of the inclusions equals that of the background medium

and radius disorder, whereas radius or refractive index dis ¥ ider th difficul i which th
order alone or in combination with position, sliding, and nbt: efr(tahwe consi erft et'_””Of.ed' |cuft C?SS mvtv Itch tt ef
thickness disorders, is not sufficient. Such strong disordef?!'© Of the averige refrac !ve Index o cyln' ers .0 .a 0
has a pronounced effect on the band structure and the gaff2€ Packground is/n,=3, with n,=1. Before investigating
are filled in by combinations of strong disorder. ocalization and homogenization phenomena for the complex
Figure 9 represents the same cases as in Fig. 8, bt for ca(sje 0{ mduitr:ple cyhndetr_s pfer tl:]n't cell Itt IS u;l?ortan(tj to
polarization. The same conclusions can be drawrHfppo- understand these properties for tne more straigntiorward case
N.=1, which we treat here. This transition from localization

erz?r:?nxasn:jo:Eéipolz?zartcljo?: tlhi C?mb';}?t;ogt ct)f rﬁf:/ac- Ito homogenization in the long wavelength limit is considered
€ Index and radius disorder alone IS Sutliclent 1o have aly,q 4 for poth polarizations.

most the same effect diin T) as the combined effects of five
types of disorder. Such strong disorder again eliminates band
gaps, as in the case &, polarization. Thus for the param-
eter ranges that we considered the effects of the positional,
thickness, and sliding disorder is small compared to the con- A plane wave incident on a grating excites the orders of
tribution from the refractive index and radius disorder. the grating with

Localization of electromagnetic waves in highly disordered
two-dimensional photonic crystals
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Y where §; are uniformly distributed random variables in the
singy= sinfi+ 4P, (3 range[ —1,1], while Q is the amplitude of the disorders.
After substitution of Eqs(6) and(7) into Egs.(4) and(5),
Wherep is an integer_ Foin/d>1 there is On|y one propa- the reflectionrg and transmissiomcl’ coefficients glVIng the
gating order p=0). The scattering process is then deter-amplitudes of the propagating orders of the grating can be
mined by the symmetri§ and antisymmetri&; scattering ~ Written in the form
matrices of the grating, which are the solutions of the scat-

@ <O ikd

tering problem for von Neumann and Dirichlet boundary ro:S‘O +S _ 2¢ 1 _ 2
conditions, respectivelysee[13] for detailg. For normal in- 1 2 SotiMy S+S,+iM )]
cidence, the symmetri§ and antisymmetriS; scattering (14)

matrices of the grating, fop=0, can be approximated as

& _ O ikd
2 explikd/2) t2=S°250=eikd—2|fld 5 l.M tg Sj 7 }
O _ H S +1 0 + +1 1
Sg = exp(ikd) + —g Do (4) (15)
4 expikd/2) Note that the first term in the brackets in E¢E4) and (15)
So = — explikd) + TD?. (5  comes from the solution of the symmetric problem in the
monopole approximation, while the second term is the dipole
where approximation of the solution of the antisymmetric problem.
The quantitiesvi, andM in Eq. (15) are obtained from Egs.
2i exp(ikd/2) (8) and (9), respectively, forE, and H, polarization. The
o=~ W’ (6) localization scaling lengtk2) for one layer can be written in
the form
2i exp(ikd/2
Dlzp(—.). (7) I
Sot+S+iMy i=~ 71 (16)
0
Here the monopol®j and dipoleD§ coefficients are the f,lf,lln“l'dg

solutions of the symmetric and antisymmetric Rayleigh iden-
tities (see[13] for detail9, and the boundary value coeffi- wheret?(Q) is given by Eq.(15) and é is a two-component

cientsMy andM; are given by vector 6=(8,,8,). The transmission of a stack with two
, , layers can be written as
E nJn(nka)Y(ka) —JIn(nka) Y (ka) g
M nJ! (nka)dm(ka) —JIn(nka)J/ (ka) ’ ® t9t9
o (Q)= 100" 17
y In(nka)Yy(ka) —nJp(nka) Y/ (ka) © re

m™ Ji(nka)Jdy(ka)—nJy(nka)d; (ka) ’ wherer?(Q) andt’(Q) (i=1,2) are given by Eqg14) and

(15). After substitution of Eq(17) into Eq. (2), the localiza-
for E, and H, polarizations, respectively. Her&,(x) and  tjon length takes the form
Yn(x) are themth order Bessel functions of the first and
second kind. IfA/d>1, the lattice sums$, and S, can be [
approximated as —=-

gl g f
= In|t%|ds, — In|1—r7r5|dés d5
_2 2 okd i(kd)? L0 g) . "tl9% 3 [1-rirlda,de,
So_k_d_; nﬂ_ﬁ’ (10) (18
_ _ wheredé are two-component vectot®= (53, 55;). The ex-
4 i(kd)? pressiong16) and(18) are the general equations that we will

' (12) use to describe the localization and homogenization for both

i
52" kd 3(kd)2+77+ g’ N
polarizations.
where y=1.781 is the Euler constaff?]. We have seen
(Sec. Il B that disorder of the refractive indices and radii of 1. Localization and homogenization for Hpolarization
cylinders have strong effects on the transmittance, and con- |n Fig. 10 we plot the localization length’s dependence on
sequently on the localization propertied, of waves for the  wavelength for different numbeis, of layers in the stack.
set of parameters that we studied. Thus to study localizatiorye can see three distinct regions of behaviot:af plateau
we consider for now just the combination of these two dis-region\ <3.5d, a transition region 3d<\<5d, and a long
orders with wavelength regiom>5d. It is seen that the localization
_ _ lengthl for N, =100 andN, =20 layer stacks are nearly the
n=n+Q,6:=n(1+Qdy), (120 same in the plateau and transition regiarss5d. Thus edge
- o effects are not important and states are truly localized. The
a/d=a+Q,8,=a(l+Qé,), (13)  sharp change in the localization length in the transition re-
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A/d ( / d)
10.0 N
FIG. 10. Localization length versus wavelength fdy =100
(long dashed lineand N, =20 (solid line). The short dashed line
represents the localization length behaviobased on Eq(16),
while the dotted line represents the localization length behavior S 1.0 |
based on Eq(18). The degree of disorder =0.5. Other param- ’ ]
eters are given in the text.
gion can be viewed as defining the edge of a random gap. (b)
Thus the analytical description based on a single |&§6y 0.7
(see Fig. 10, short dashed lingives a qualitative agreement 0.1 1.0 10.0
with the numerical simulations for multiple layers, while a Q

calculation based on two layef48) is in excellent agree-
ment with the numerical calculation at short wavelengths. FIG. 11. (a) Localization length versus wavelength for different
Since the one-layer model correctly predicts the position oflegrees of disorder farl, polarization:Q=0.6 (dashed triple dot
the transition, it contains some of the essential physics ofine), Q=0.8 (dashed dotted ling Q=1.0 (dotted ling, Q=1.2
localization in this regime. (dashed ling Q=1.4 (long dashed ling Q=1.6 (solid line). The
The localization length is roughly the scale over which region of the linear dependencelafn wavelength is in agreement
the constant of diffusion renormalizes to zero due to comWith Eqg. (22). (b) Slopec, of the linear dependence of the local-
plete destructive interference. The renormalized diffusion coization lengthl versusQ.

efficientD (1) can be written in the forni21] c,~1/Q? [dashed line in Fig. 1(b)] in agreement with Eq.

D(M)~D(\)— SD(N), 19 (22_). This is reminiscent of .amorphous s_emiconductors in

(M)=b) ™) (19 which the slope of Urbach tails are proportional to the mean-

where D(\) is the diffusion coefficient andD(\) is the  Square displacement_ of atoms from their equilibrium posi-
renormalization correction due to scattering. These quantitiedons[26]. For weak disorderQ<0.6) the slope, scales as

for the two-dimensional case can be estimatefPas24,2§ ~ C2~1/Q [dotted line in Fig. 11b)].
In the regionA>5d in which waves cannot resolve the

A3 inclusions, the structure homogenizes.[1i2] we found an
D(\)= > (20 expression for the effective dielectric constanpf for weak
Q randomness and multiple cylinders per unit cell. Here we

calculates o for strong randomness. From E@9) in [12]
we deduce that for one cylinder per unit cell and fdy
polarization,e ¢ for one layer can be written as

SD(N)=~N\ In(LA®), (22)

wherelL is the sample size. The localization lendtban be
estimated from Eq(19) by settingD(\) =0 and replacind-

by localization lengtH. We obtain £efi= L , (23
n+1 S,
| )\3 2,42 nz— 1 - ?f
a~cl¥eXF(c2)\ /d9), (22

where f=7a?/d? is the filling fraction and the refractive
where the coefficient,~ 1/Q?. This implies that a plot of indicesn and radiia of cylinders are given by Eq$12) and
In(1d?/\3) versus §/d)? should be a straight line. We test (13). HereS, /7= /3 for a single layer an&,/7=1 for an
this in Fig. 11a), in which our numerical results for six infinite stack. Numerically we observe th&/x tends to
different Q values are redrawn in this way. Indeed, a linearunity (i.e., not w/3) quickly as we increase the number of
dependence can be discerned fo<G\ <25d; best fits to a layers in the stack. Thus the homogenization is intrinsically
straight line are also indicated. In Fig. (bl we plot the two-dimensional folN, =8.
slopec, of this linear dependence versQgsolid line); error After averaging Eq(23) and taking into account strong
bars are included. For strong disord€y0.6), c, scales as disorder,e; takes the form for a single layer:
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1 10 100 1000 10000
) 1 10 100 1000 10000
1000 ¢ A/d
- H FIG. 13. The numerically determined localization length versus
~ 100 ¢ wavelength foN, = 100 (dashed ling N, = 20 (solid line) and the
F dotted line represents the localization length behaliibased on
10 & Eq. (18). The degree of disorder ®=0.5. Other parameters are
F given in the text.
1t
1 10 100 | using only the dipole ternfthe second terjnin Eq. (15),
r/d while the dotted lindcurve Q represents calculated using

only the monopole solutio®§. It is seen that the homog-

FIG. 12. () Dependence of/d on A/d (solid line) for H,, po- enization propertles foH, polarlgatlon in the Ipng wave-
larization. The dashed line is the inverse of the transmittance of £Ngdth region\/d>5 are determined by the dipole coeffi-
slab with effective dielectric constant from Eq.(24) and thick- ~ cient D from Eq. (7) and, hence, by the solution of the
nessN,d with N, =20. The degree of disorder 8=0.5.(b) Lo-  antisymmetric problem. As the wavelength decreases, the
calization lengtH versus wavelength for one layerN =1 calcu-  term involving the monopole coefficieridg from Eq. (6)
lated with both coefficients monopol2§ and dipoleD$ (curve A). becomes important and the localization properties are deter-
Curve B is the same quantity calculated with only the monopolemined by both coefficient®3 andD$ . The changeover from
coefficientD and curve C is calculated with only the dipole coef- |ocalization to homogenization takes place at wavelengths
ficient D . for which D§~D3.

2. Localization and homogenization for Epolarization

2f
Ee=1lt = For E, polarization we show that the localization proper-
n°+1 _ zf ties for a stack with an arbitrary number of layers can be
n2—-1 3 deduced from those for a stack with two layehy €2) as

will be seen below. In Fig. 13 we present numerical values of
I/d versus wavelength for a stack with = 100 layergshort
dashed ling N, =20 layers(solid line), with the dotted line

3 , representing the analytical prediction based on(E8). It is
seen that the localization lengtiid for wavelengths 1@

<\ <10d does not depend on the numiér of the layers in

the stack. Thus waves with these wavelengths are localized.
It is seen that the two-layer model based on E@) is in

_ satisfactory agreement with the numerical calculation at
where f=ma?/d2. In Fig. 12a) (solid line), we plot local-  1.3d< )< 10d.

ization lengthl versus wavelength for randomne&@s=0.5 In the limit of long wavelengths, the structure homog-
with N =20. The same quantity is also shown for a slab ofenizes. From Eq(21) of [12] (see alsd27]) and by taking

a dielectric withe o (dashed ling Good agreement between into account Eqs(12) and(13), the effective dielectric con-
the two results implies that the random set of strongly disorstant for a strongly disordered case for a single layer can be
dered dielectric cylinders homogenizes to a dielectric slalyritten as

with e¢4 given by Eq.(24) for A>60d.

one layer. The solid linécurve A represents the localization _ ) _

length| calculated from Eq(16) using Eq.(15), the dashed (gem=1+(f(n"~1))=1+1 3 _1}’
line (curve B corresponds to the case in which we calculate (25

ML+ )+ 1 w4 23+ 1)
2fQ2 3
Fz-i-l T
_—__f

n-1 3

3 _
(n?—1)2

(29)

In Fig. 12b) we plotl/d as a function of wavelength for 5
2
n

QZ
9
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106 . - , >Q, and E, polarization, the refractive index disorder af-
5 ;! fects the longer wavelength part of the first photonic band
107 F ’ : gap. As we increase the number of the cylinders per unit cell
104 i )t the width of the gap reduces slightly. We observed slight
5 3 ! oscillatory behavior ofInT) for E, polarization and small
~ 107 .,Il', ! ! randomness, while thid, polarization is very sensitive to the
1 02 i ,'\:lu‘y'\,', randomness and even a small degree of randomness reduces
the depth of the band gasee[12] for detailg.
101 L (o) 4 (2) Radius disorderEven weak radius disorder induces
0 resonances in the gap for the caseEyfpolarization. This
10
' ' ' proves to be a whole-stack effect involving multiple reflec-
1 10 100 1000 10000 tions between first and last interfaces; it vanishes in the
A/d infinite-medium limit. As we increase the degree of disorder
1000 T the band gaps fill in and eventually it becomes impossible to
f determine the position of the gaps from the transmission
characteristics. In the case B, polarization(InT) is very
100 sensitive to the degree of disorder. Even a small amount of
© disorder substantially increasés T) in the band gaps.
I (3) Positional disorder.Interestingly, positional disorder
10 in the cylinders centers mainly affects the first gap Egr
polarization and has little effect on the second. Again, disor-
der induces the resonances in the first gap. The casg, of
1 polarization has similar characteristics to those seen for ra-

1 10 100 dius disorder: even a small amount of disorder has a strong
effect on{InT), which is substantially increased in band
A/d gaps. Sliding disorder has the weakest effec{lorT), with
the gap slightly deepening for both polarizations as the de-
gree of the randomness is increased.

(4) Thickness disordeiThickness disorder has a smooth-
ing effect on(InT) for both polarizations, since the oscilla-
tory behavior near the edges of the gaps is smeared out.

(5) Combination of strong disordeBy considering the

FIG. 14. Same as for Fig. 12, but f&;, polarization.

wheref = 7a?/d?. In Fig. 14a) we plot the inverse ofln T)

as a function of wavelengtisolid line). The dashed line isorder of all parameters at once we have seen that refrac-
represents the same quantity for a slab wighgiven by EqQ.  {jye index and radius disorders have the most effects on

(25). We can see the good agreement between the tW@n 1y for hoth polarizations for the parameters considered.
curves, which implies that the strongly disordered photonic

. . . Strong disorde,~ & strongly effects/In T), and the infor-
czz;al h(;]mogemzes toa Sla:mWIE%ﬁ for )\>60|d' Figure matio% about tf?egpc?sitionsgo); the gas<|Os is> lost
1 is the same as in Fig. 1), but for E, polarization. . X
The homogenization properties for long wavelength are nov¥0r|n summary, the resonance behavior bfT) takes place

. o2 . the case oE, polarization and the radius, positional, and
determined by the monopole approximation giverly. As L )
. . . refractive index disorders, although for the latter case the
the wavelength decreases, the dipole coefficiBit in-

g o N ) oscillations are less pronouncéske[12]). All our calcula-
creases, leading to localization. This is the oppositHof  tjong show that as we introduce a weak randomness of the
polarization, in which the terr®$ determines the homogeni- refractive index, radius, or position of cylinders Bt po-
zation andDg sets in leading to localization. It is seésee  |arization, the randomness sets in at the longer wavelength
Fig. 13 that for E, polarization we do not have a sharp part of the first gap through the resonancelike behavior of
transition from localization to homogenization at wave-(|nT),
lengths 3I<\<5d, as forH, polarization. Instead, the lo-  The case ofi, polarization is very sensitive to the degree
calization length increases gradually fod€\<30d. The  of disorder, whether we disorder refractive indices, radii, or
localization length is only slightly dependent & in this  positions. Even a small amount of disorder strongly affects
transition region. the transmittance.

Localization properties have shown that waves for both
polarizations are localized at wavelengthsdk3\<5d. An
analytical description of the localization length has also been

V. CONCLUSION provided in terms of a quadrature. Hdr, polarization it is
shown that the slope of the exponential coefficient of the
We have studied the effects of the different types of disqocalization length is proportional to the inverse of the square
Order on the transmittance properties Of tWO'dimenSionabf randomness@fz) for Strong disorder and proportiona' to
photonic crystals composed of circular cylinders. The effectqQ—l) for weak disorder.
of the various types of disorder are - We have examined the transition from localization to ho-
(1) Refractive index disorder~or small randomness mogenization that takes place for long wavelengths. We have
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shown that it is governed by the interplay between monopole ACKNOWLEDGMENTS
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